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REPRESENTATIONS ON THE COHOMOLOGY OF
HYPERSURFACES AND MIRROR SYMMETRY
ALAN STAPLEDON
Abstract. We study the representation of a finite group acting on the cohomol-
ogy of a non-degenerate, invariant hypersurface of a projective toric variety. We
deduce an explicit description of the representation when the toric variety has at
worst quotient singularities. As an application, we conjecture a representation-
theoretic version of Batyrev and Borisov’s mirror symmetry between pairs of
Calabi-Yau hypersurfaces, and prove it when the hypersurfaces are both smooth
or have dimension at most 3. An interesting consequence is the existence of pairs
of Calabi-Yau orbifolds whose Hodge diamonds are mirror, with respect to the
usual Hodge structure on singular cohomology.
1. Introduction
When a finite group G acts algebraically on a complex variety Z, it is an impor-
tant problem to determine the corresponding representation of G on the complex
cohomology H∗Z of Z. In particular, if Z is complete and has at worst quotient
singularities, then the Hodge structure of the cohomology of Z/G is determined by
the isomorphism H∗(Z/G) ∼= (H∗Z)G. We refer the reader to the work of Dimca
and Leher [14], Cappell, Maxim, Schuermann, Shaneson [10, 11], and Cheˆnevert
[12] for recent developments on this topic. In the case when Z is a toric variety
associated to root system and G is the associated Weyl group, the corresponding
representation H∗Z has been studied by Procesi [23], Stanley [25, p. 529], Dol-
gachev, Lunts [15], Stembridge [29, 28] and Lehrer [21]. The purpose of this article
is to study the representation H∗Z in the case when Z is an invariant hypersurface
of a toric variety.
Let G be a finite group with representation ring R(G). Let ρ : G → GL(M) be
a linear action of G on a lattice M ∼= Zd, and consider the corresponding action of
G on the torus T = SpecC[M ]. Let X◦ = {
∑
u∈M auχ
u = 0} ⊆ T be a G-invariant
hypersurface which is non-degenerate with respect to its Newton polytope P =
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conv{u | au 6= 0} (see Section 4). Then the normal fan to P determines a projective
toric variety Y = YP , and the action of G on T extends to an action of G on Y via
toric morphisms. The closure X of X◦ in Y is a G-invariant, projective variety.
For any complex variety Z with G-action, we introduce the equivariant Hodge-
Deligne polynomial EG(Z;u, v) =
∑
p,q e
p,q
G u
pvq ∈ R(G)[u, v] of Z (see Section 5),
satisfying the following properties
(1) if U is a G-invariant open subvariety of Z, then
EG(Z) = EG(U) + EG(Z r U),
(2) if Z is complete and has at worst quotient singularities, then
EG(Z) =
∑
p,q(−1)
p+qHp,q(Z)upvq.
This generalizes the usual notion of Hodge-Deligne polynomial when G is trivial,
and reduces to both the weight polynomial EG(Z; t, t) of Dimca and Lehrer [14],
and the equivariant χy-genus EG(Z;u, 1) of Cappell, Maxim and Shaneson [11].
Our first main result is an explicit algorithm to determine EG(X
◦;u, v). We refer
the reader to Section 6 for details. In particular, the algorithm determines the
representations of G on the pieces of the mixed Hodge structure of the cohomology
of X◦ with compact support (Remark 6.3). By the additivity property (1), one can
then inductively compute EG(X), and hence, by (2), we deduce the representations
of G on the (p, q)-pieces of the cohomology of X.
In order to state our results more precisely, we recall a combinatorial construc-
tion which was introduced and studied in [27]. For any positive integer m, G per-
mutes the lattice points in the mth dilate of P , and we may consider the corre-
sponding permutation representation χmP . Motivated precisely by the computa-
tions in this paper, the author introduced a power series of virtual representations
ϕ[t] =
∑
i≥0 ϕit
i ∈ R(G)[[t]], determined by the equation
1 +
∑
m≥1
χmP t
m =
ϕ[t]
(1− t)(1− ρ t+
∧2 ρ t2 − · · ·+ (−1)d∧d ρ td) .
While the power series ϕ[t] is not a polynomial for general G and P (see [27, Sec-
tion 7]), we prove that the existence of a G-invariant, non-degenerate hypersurface
with Newton polytope P implies that ϕ[t] is a polynomial, and the virtual repre-
sentations ϕi are effective representations (Corollary 6.6). If we let det(ρ) =
∧d ρ,
then the theorem below computes the equivariant χy-genus EG(X
◦;u, 1) of X◦.
Theorem (Theorem 6.5). For any p ≥ 0,
∑
q
ep,qG (X
◦) = (−1)d−1−p
d−1−p∧
ρ+ (−1)d−1 det(ρ) · ϕp+1.
REPRESENTATIONS ON THE COHOMOLOGY OF HYPERSURFACES AND MIRROR SYMMETRY3
In Theorem 7.8, we produce an explicit formula for EG(X
◦) in the case when
P is simple i.e. when every vertex of P is contained in precisely d facets. In
particular, for p > 0, we show that (−1)d−1 det(ρ) · ep,0G (X
◦) equals the permutation
representation induced by the action of G on the lattice points which lie in the
relative interior of a (p+ 1)-dimensional face of P (Corollary 7.9).
The condition that P is simple is equivalent to the requirement that the toric va-
riety Y has at worst quotient singularities. In this case, X has at worst quotient sin-
gularities, and computing the representation of G on H∗X reduces to computing the
representation of G on the primitive cohomology Hd−1primX =
⊕d
p=0H
p,d−1−p
prim (X)
(see Section 7). In fact, we have isomorphisms of G-representations Hp,d−1−pprim (X)
∼=
Hd−1−p,pprim (X) (Remark 5.2), and hence we may reduce to the case when p ≥
d−1
2 . For
any face Q of P , let GQ denote the isotropy subgroup of Q. In Section 2, we define
a representation ρQ : GQ → GL(M
Q), whereMQ is a translation of the intersection
of the affine span of Q with M .
Theorem (Theorem 7.1). If P is simple and p ≥ d−12 , then
Hp,d−1−pprim (X) =
∑
[Q]∈P/G
(−1)d−dimQ IndGGQ [det(ρQ) · ϕQ,p+1],
where P/G denotes the set of G-orbits of faces of P .
Let us further assume that P is a simplex i.e. P has precisely d + 1 vertices
{v0, . . . , vd}. Let Π denote the set of interior lattice points of the parallelogram
spanned by the vertices of P × 1 in M ⊕ Z. That is,
Π = {w ∈M ⊕ Z | w =
∑
i
αi(vi, 1) for some 0 < αi < 1}.
Let u : M ⊕ Z → Z denote projection onto the second co-ordinate, and let Πk =
{w ∈ Π | u(w) = k}, with corresponding permutation representation χ〈Πk〉.
Corollary (Corollary 8.1). If P is a simplex, then for any p ≥ 0,
Hp,d−1−pprim (X) = det(ρ) · χ〈Πp+1〉.
In particular, let Hd−1prim(X/G) =
⊕
pH
p,d−1−p
prim (X/G) denote the subspace corre-
sponding to Hd−1prim(X)
G under the isomorphism H∗(X/G) ∼= H∗(X)G. The above
corollary implies that dimHp,d−1−pprim (X/G) equals the number of G-orbits of Πp+1
whose isotropy subgroup is contained in det(ρ)−1(1), and we deduce the Hodge
structure of X/G (Remark 8.3).
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As a concrete example, consider the action of Symd+1 on the Fermat hypersurface
Xm = {x
m
0 + · · · + x
m
d = 0} ⊆ P
d of degree m by permuting co-ordinates (Exam-
ple 8.4). If sgn denotes the sign representation of Symd+1, then we deduce that
sgn ·Hp,d−1−pprim (Xm) is isomorphic to the permutation representation of Symd+1 on
the set
{(a0, . . . , ad) ∈ Z
d+1 | 0 < ai < m,
d∑
i=0
ai = (p + 1)m}.
An inexplicit formula for the characters of these representations can be deduced
from general results of Cheˆnevert on actions of groups on smooth hypersurfaces
in projective space [12, Theorem 2.2]. On the other hand, we deduce that if g in
Symd+1 has cycle type (λ1, . . . , λr), then tr(g;H
p,d−1−p
prim (Xm)) is equal to
(−1)d+1−r#{(a1, . . . , ar) ∈ Z
r | 0 < ai < m,
d∑
i=0
λiai = (p + 1)m}.
It follows that sgn ·Hd−1prim(Xm) is isomorphic to the permutation representation of
Symd+1 on the set
{(a0, . . . , ad) ∈ (Z/mZ)
d+1 | ai 6= 0,
d∑
i=0
ai = 0}.
By standard comparison theorems (see, for example, Section 1 in [20]), this agrees
with the representation of Symd+1 on the primitive l-adic cohomology of Xm. In
this case, a highly non-trivial proof of the latter result is due to Bru¨njes, who uses
it to describe the zeta functions of all ‘twisted Fermat equations’ [9, Corollary 11.3].
Lastly, in Section 9, we conjecture an equivariant version of Batyrev and Borisov’s
mirror symmetry between pairs of Calabi-Yau hypersurfaces in dual Fano toric va-
rieties [4]. If P and P ∗ are polar, G-invariant, reflexive polytopes, and X and
X∗ are corresponding G-invariant, non-degenerate hypersurfaces, then we intro-
duce equivariant stringy invariants Est,G(X;u, v) and Est,G(X
∗;u, v), which
satisfy the property that if X˜ → X is a G-invariant, crepant resolution, then
Est,G(X) = EG(X˜).
Conjecture (Conjecture 9.1). The equivariant stringy invariants Est,G(X;u, v) and
Est,G(X
∗;u, v) are rational functions in u and v satisfying
Est,G(X;u, v) = (−u)
d−1 det(ρ) · Est,G(X
∗;u−1, v).
If there exist G-equivariant, crepant resolutions X˜ → X and X˜∗ → X∗, then the
conjecture says that
Hp,q(X˜) = det(ρ) ·Hd−1−p,q(X˜∗) ∈ R(G) for 0 ≤ p, q ≤ d− 1.
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This would have the surprising consequence that if H = det(ρ)−1(1), then the (pos-
sibly singular) Calabi-Yau varieties X˜/H and X˜∗/H have mirror Hodge diamonds
(Remark 9.2).
Corollary (Corollary 9.5, Corollary 9.8). The conjecture holds in the following cases
• if X and X∗ are smooth,
• if X and X∗ admit G-equivariant, crepant, toric resolutions and dimX ≤ 3.
We finish with an explicit example of equivariant mirror symmetry. Consider the
action of Sym5 on the quintic 3-fold X = {x
5
0 + · · · + x
5
d = 0} ⊆ P
4 by permuting
co-ordinates. Let H be the quotient of the finite group {(α0, . . . , α4) ∈ (Z/5Z)
5 |∑4
i=0 αi = 0} by the diagonally embedding subgroup Z/5Z. Then (α0, . . . , α4) ∈ H
acts on P4 by multiplying co-ordinates by (e
2piiα0
5 , . . . , e
2piiα4
5 ). The hypersurface
Zψ = {x
5
0 + x
5
1 + x
5
2 + x
5
3 + x
5
4 = ψx0x1x2x3x4} ⊆ P
4 is H-invariant and Sym5-
invariant. If we set X∗ = Zψ/H for a general choice of ψ, then X
∗ inherits a Sym5-
action, and X∗ may be regarded as a mirror to X. Moreover, there exists a Sym5-
equivariant, crepant, toric resolution X˜∗ → X∗. Using the explicit calculations for
Fermat hypersurfaces above, together with the above corollary, we deduce that if
µ is the 101-dimensional representation 1 + 2 Ind
Sym5
Sym3
(1) + 2 Ind
Sym5
Sym2 ×Sym2
(1), then
the representations of Sym5 on the cohomology of X and X˜
∗ are described in the
Figure 1.
1 1
0 0 0 0
0 1 0 0 µ 0
sgn sgn ·µ sgn ·µ sgn sgn sgn sgn sgn
0 1 0 0 µ 0
0 0 0 0
1 1
Figure 1. Equivariant Hodge diamonds for the quintic 3-fold X and
an equivariant crepant resolution X˜∗ of its mirror.
If we restrict to the action of the subgroup A5 = sgn
−1(1) of Sym5 consisting
of all even permutations, then we deduce that the Calabi-Yau varieties X/A5 and
X˜∗/A5 have mirror Hodge diamonds, computed in Figure 2 below.
We end the introduction with a brief outline of the contents of the paper. In
Section 2 we provide the setup for the rest of the paper. In Section 3 we recall some
results about equivariant Ehrhart theory proved in [27]. In Section 4 we recall some
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1 1
0 0 0 0
0 1 0 0 5 0
1 5 5 1 1 1 1 1
0 1 0 0 5 0
0 0 0 0
1 1
Figure 2. Hodge diamonds for X/A5 and X˜
∗/A5.
basic facts about toric geometry and non-degenerate hypersurfaces. In Section 5 we
introduce equivariant Hodge-Deligne polynomials and provide some basic properties
and examples. In Section 6 we prove our algorithm for computing the equivariant
Hodge-Deligne polynomial of a non-degenerate hypersurface in a torus, and give
several consequences. In Section 7 and Section 8 we restrict to the cases when P
is simple and P is a simplex respectively. In Section 9 we prove our results on
equivariant mirror symmetry. We claim no originality when G is trivial. In this
case, our technique reduces to a slight variant of Danilov and Khovanskii’s work in
[13], and our results are known.
Notation and conventions. All representations and cohomology groups will be de-
fined over C, unless otherwise stated. All representations are finite-dimensional. We
often identify a representation χ with its associated character and write χ(g) for the
evaluation of the character of χ at g ∈ G. We consider representations of G in the
representation ring R(G), and write χ + ϕ (respectively χ · ϕ) for the direct sum
(respectively tensor product) of two representations χ and ϕ. We write 1 ∈ R(G)
to denote the trivial representation. If G acts on a set S, then we write χ〈S〉 for the
corresponding permutation representation.
Acknowledgements. The author would like to thank Kalle Karu, Gus Lehrer, John
Stembridge and Jonathan Wise for several useful discussions. The author benefited
greatly from attending Denis Auroux’s inspiring course on mirror symmetry at UC
Berkeley in Fall 2009.
2. The setup
In this section, we introduce and justify the setup we will use throughout the
paper.
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Let G be a finite group acting linearly on a lattice M ′ ∼= Zn, and let P be a
d-dimensional G-invariant lattice polytope. Observe that the affine span W of P in
M ′
R
is G-invariant. If we fix a lattice point u ∈W ∩M ′, then M :=W ∩M ′−u has
the structure of a lattice of rank d and G acts linearly on M via
g · (u− u) = gu− gu = (gu− gu+ u)− u,
for all g ∈ G and u ∈W ∩M ′. Regarding P as a lattice polytope in M , we see that
P is invariant under G ‘up to translation’. That is, if we set consider the function
w : G→M defined by w(g) = gu− u, then w(1) = 0, w(gh) = w(g) + g ·w(h), and
if we identify P with the lattice polytope P − u in M , then g · P = P − w(g) in M
for all g ∈ G.
Conversely, assume that G acts linearly on a d-dimensional lattice M , and P is a
d-dimensional lattice polytope which is invariant under G ‘up to translation’. That
is, assume there exists a function w : G → M satisfying w(1) = 0 and w(gh) =
w(g) + g ·w(h), and such that g · P = P −w(g) for all g ∈ G. Then G acts linearly
on the lattice M ′ = M ⊕ Z as follows: g · (u, λ) = (g · u− λw(g), λ) for any g ∈ G
and (u, λ) ∈ M ′. If we identify P with the lattice polytope P × 1 in M ′, then P
is invariant under the action of G. Note that we recover the original linear action
of G on M and the induced action on P ‘up to translation’ via the action of G on
M × 0 ⊆M ′ and P × 0 respectively.
The preceding discussion motivates the following setup:
Let G be a finite group acting linearly on a lattice M ′ =M ⊕Z of rank d+1 such
that the projection M ′ → Z is equivariant with respect to the trivial action of G on
Z. Let P ⊆MR × 1 be a G-invariant, d-dimensional lattice polytope.
By identifying M with M × 0, we regard M as a lattice with a linear G-action
ρ : G → GL(M). We let det(ρ) denote the linear character
∧d ρ : G → {±1}. We
often identify P with the lattice polytope {u ∈ MR | u × 1 ∈ P} in MR, which is
G-invariant ‘up to translation’.
3. Equivariant Ehrhart theory
In this section, we recall some results from [27] on a representation-theoretic
generalization of Ehrhart theory. We also record some useful representation theory
lemmas. We continue with the notation of Section 2, and if G acts on a set S, then
we write χ〈S〉 for the corresponding permutation representation.
For any positive integer m, let χmP = χ〈mP∩M〉 denote the permutation represen-
tation corresponding to the action of G on the lattice points mP ∩M of mP , and
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let χmP = 1 when m = 0. If G acts on M via ρ : G → GL(M), and R(G) denotes
the representation ring of G, then we may write∑
m≥0
χmP t
m =
ϕ[t]
(1− t) det(I − ρt)
,
for some power series ϕ[t] = ϕP,G[t] =
∑
i≥0 ϕit
i ∈ R(G)[[t]], where
det(I − ρt) = 1− ρ t+
2∧
ρ t2 − · · ·+ (−1)d
d∧
ρ td.
The following well-known lemma is useful for interpreting this definition of ϕ[t].
Lemma 3.1. Let G be a finite group and let V be an r-dimensional representation.
Then ∑
m≥0
Symm V tm =
1
1− V t+
∧2 V t2 − · · · + (−1)r∧r V tr .
Moreover, if an element g ∈ G acts on V via a matrix A, and if I denotes the
identity r× r matrix, then both sides equal 1det(I−tA) when the associated characters
are evaluated at g.
The power series h∗(t) =
∑
i≥0 dimϕit
i is a polynomial of degree at most d, called
the h∗-polynomial of P (see, for example, [8]). In particular, if the virtual repre-
sentations ϕi are effective representations, then ϕ[t] is a polynomial of degree at
most d. For any positive integer m, let χ∗mP = χ〈Int(mP )∩M〉 denote the permuta-
tion representation corresponding to the action of G on the interior lattice points
Int(mP ) ∩M of mP .
Corollary 3.2. [27, Corollary 6.6] With the notation above, if ϕ[t] is a polynomial,
then ∑
m≥1
χ∗mP t
m =
td+1ϕ[t−1]
(1− t) det(I − ρt)
.
In particular, ϕ[t] has degree at most d and ϕd = χ
∗
P .
We have an explicit description of ϕ[t] when P is a simplex. Recall that P is a
simplex if it has precisely d+ 1 vertices {v0, . . . , vd} in M . In this case, we define
Box(P ) = {v ∈M ⊕ Z | v =
d∑
i=0
ai(vi, 1) for some 0 ≤ ai < 1},
and let u :M ⊕ Z→ Z denote projection onto the second co-ordinate.
Proposition 3.3. [27, Proposition 6.1] With the notation above, if P is a sim-
plex, then ϕi is the permutation representation induced by the action of G on
{v ∈ Box(P ) | u(v) = i}.
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A d-dimensional lattice polytope P in M is reflexive if the origin is the unique
interior lattice point of P and every non-zero lattice point inM lies on the boundary
of mP for some positive integer m.
Corollary 3.4. [27, Corollary 6.9] If P is a G-invariant lattice polytope and ϕ[t] is a
polynomial, then P is a translate of a reflexive polytope if and only if ϕ[t] = tdϕ[t−1].
We say that a reflexive polytope P is non-singular if the vertices of each facet
of P form a basis for M . If P is a G-invariant, non-singular, reflexive polytope,
then the fan △ over the faces of P determines a smooth, projective toric variety
Z = Z(△), with an action of G via toric morphisms.
Proposition 3.5. [27, Proposition 8.1] With the notation above, if P is a G-
invariant, non-singular, reflexive polytope, then ϕi = H
2iZ ∈ R(G).
We will often use the following lemma on permutation representations. If G acts
transitively on a set S, then the associated isotropy group H is the subgroup of G
which fixes a given s in S, and is well-defined up to conjugation.
Lemma 3.6. If G acts on a set S, then χ〈S〉(g) equals the number of elements of S
fixed by g. If λ : G→ C is a 1-dimensional representation, then the multiplicity of λ
in χ〈S〉 is equal to the number of G-orbits of S whose isotropy subgroup is contained
in the subgroup λ−1(1) of G.
We will also need the following simple lemma.
Lemma 3.7. Suppose G acts linearly on a lattice N of rank r. Then we have
isomorphisms of G-representations
∧iNC ·∧rNC ∼= ∧r−iNC.
Proof. If an element g ∈ G acts of NC, then, since g has finite order, we may assume,
after a change of basis, that g acts via a diagonal matrix (λ1, . . . , λr), for some roots
of unity λi. Since λ
−1
i = λi and g acts on
∧rNC via multiplication by ±1, it follows
that (λ1 · · ·λr)
2 = 1. We conclude that the left hand side evaluated at g is equal to
λ1 · · · λr
∑
k1<···<ki
λk1 · · ·λki =
∑
k′
1
<···<k′r−i
λk′
1
· · ·λk′r−i =
∑
k′
1
<···<k′r−i
λk′
1
· · ·λk′r−i .

4. Toric geometry and non-degenerate hypersurfaces
In this section, we recall some basic facts about toric varieties and non-degenerate
hypersurfaces in tori. We refer the reader to [18] and [30] for proofs of the statements
below.
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We continue with the notation of Section 2. That is, let G be a finite group acting
linearly on a lattice M ′ = M ⊕ Z of rank d + 1 such that the projection M ′ → Z
is equivariant with respect to the trivial action of G on Z. Let P ⊆ MR × 1 be a
G-invariant, d-dimensional lattice polytope. In what follows, we often consider P
as a lattice polytope in MR.
If we let σ denote the cone over P × 1 in M ′
R
, then G acts on the N-graded,
semi-group algebra R = C[σ ∩M ′]. This induces an action of G on the projective
toric variety Y = ProjR with torus T = SpecC[M ] via toric morphisms. If N =
Hom(M,Z) is the dual lattice to M , then Y is the toric variety determined by the
normal fan to P in NR, and comes equipped with a T -equivariant ample line bundle
L, which is preserved under the action of G. We may identify the action of G on
H0(Y,L⊗m) with the action of G on the mth graded piece Rm of R, and hence with
the permutation representation χmP induced by the action of G on mP ∩M
′.
If u ∈ M corresponds to the monomial χu ∈ C[M ], then a hypersurface X◦ =
{
∑
u∈P∩M auχ
u = 0} ⊆ T defines a G-invariant hypersurface of T if and only if
au = a
′
u ∈ C whenever u and u
′ lie in the same G-orbit of P ∩M . The closure X
of X◦ in Y is G-invariant and may be regarded as the zero locus of a section of L.
The Newton polytope of X◦ is the convex hull of {u ∈M | au 6= 0} in MR.
We will need the notion of a non-degenerate hypersurface in a torus. Non-
degenerate hypersurfaces were first studied by Khovanski˘ı [19], and, recently, have
been extended to the notion of a Scho¨n subvariety of a torus by Televev [30]. Recall
that if P(△) is a complete toric variety corresponding to a fan △ in a lattice N ,
then each cone τ in △ corresponds to a torus orbit Tτ = SpecC[Mτ ] in P(△), where
Mτ denotes the intersection of M = Hom(N,Z) with τ
⊥ = {u ∈ MR | 〈u, v〉 =
0 for all v ∈ τ}. If △ is the normal fan to P , and τQ is the cone in △ corresponding
to a face Q of P , then we will write TQ = TτQ .
Definition 4.1. With the notation above, let Z◦ ⊆ T = SpecC[M ] be a hypersur-
face, and let Z denote the closure of Z◦ in P(△). Then Z◦ is non-degenerate with
respect to P(△) if the intersection Z ∩ Tτ of Z with each torus orbit {Tτ | τ ∈ △}
is a smooth (possibly empty) hypersurface in Tτ .
The hypersurface Z◦ is non-degenerate with respect to P if Z◦ is non-
degenerate with respect to the projective toric variety Y corresponding to P , and
P is the Newton polytope of Z◦.
Remark 4.2. One can show that a hypersurface Z◦ = {
∑
u∈P∩M auχ
u = 0} ⊆ T
is non-degenerate with respect to P if and only if {
∑
u∈Q∩M auχ
u = 0} defines a
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smooth (possibly empty) hypersurface in T for each face Q of P . Moreover, in this
case, Z ∩ TQ is non-degenerate with respect to Q.
If Z◦ ⊆ T is non-degenerate with respect to P(△), then the completion of the
local ring of Z at z is isomorphic to the completion of the local ring of P(△) at z.
In particular, Z is smooth if and only if P(△) is smooth away from its torus fixed
points. Moreover, if P(Σ) → P (△) is a proper, birational toric morphism, then
Z◦ is non-degenerate with respect to P(Σ), and the closure Z ′ of Z◦ in P(Σ) is the
inverse image of Z.
In our case, assume that X◦ ⊆ T defines a G-invariant, non-degenerate hypersur-
face with respect to P . There exists a smooth, complete toric variety P = P(Σ) with
a G-action via toric morphisms, and a G-invariant, proper, birational morphism
f : P → Y = Y (△), where △ is the normal fan to P [1]. If X ′ denotes the closure
of X◦ in P, then, by the above discussion, we obtain a G-equivariant resolution of
singularities X ′ → X.
For every cone τ ′ in Σ, let τ = τQ denote the smallest cone in △ containing τ
′,
for some face Q of P . If GQ denotes the isotropy group of Q (i.e. the subgroup
of G which leaves Q ⊆ P invariant), then GQ acts on the lattice Mτ ′/Mτ , and
hence on the corresponding torus Tτ ′,f := SpecC[Mτ ′/Mτ ]. Moreover, f induces a
GQ-equivariant projection
(1) X ′ ∩ Tτ ′ ∼= (X ∩ TτQ)× Tτ ′,f → X ∩ TτQ .
We may regard X ′ as a section of the (globally generated) line bundle f∗L on P.
For any non-negative integer m, we have isomorphisms of G-representations
(2) H i(P,OP(mX
′)) ∼=
{
H0(Y,L⊗m) = χmP if i = 0
0 otherwise.
Finally, we recall some basic Hodge theory (cf. Section 5). Let Z be a smooth,
complete n-dimensional variety, let D be a simple normal crossings divisor, and set
Z◦ = ZrD. The sheaf Ω1Z(logD) of rational forms on X with log poles on D is
locally described as follows: if z1, . . . , zd are local co-ordinates of Z and D is locally
defined by z1z2 · · · zr = 0, then Ω
1
Z(logD) is the free OZ -module degenerated by
dz1
z1
, . . . , dzrzr , dzr+1, . . . , dzn. For any positive integer p, Ω
p
Z(logD) =
∧pΩ1Z(logD),
and ΩpZ(logD) = OZ when p = 0. If G acts algebraically on Z and leaves D
invariant, then we obtain an isomorphism of G-representations:
(3) F pHkZ◦/F p+1HkZ◦ ∼= Hk−p(Z,Ω
p
Z(logD)).
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5. Equivariant Hodge-Deligne polynomials
In this section, we introduce the equivariant Hodge-Deligne polynomial of a com-
plex variety with group action. This is a slight generalization of the notion of weight
polynomial considered by Dimca and Lehrer in [14], and the notion of equivariant
χy-genus considered by Cappell, Maxim and Shaneson in [11].
Let G be a finite group acting algebraically on a d-dimensional complex variety
Z. A famous result of Deligne states that the cohomology of Z carries a mixed
Hodge structure. In particular, the kth cohomology group HkcZ = H
k
c (Z;C) of Z
with compact support has an increasing weight filtration
0 ⊆W0H
k
c Z ⊆W1H
k
c Z ⊆ · · · ⊆WkH
k
c Z = H
k
cZ
and a decreasing Hodge filtration
HkcZ = F
0Hkc Z ⊇ · · · ⊇ F
dHkcZ ⊇ 0
which induces a pure Hodge structure of weight m on
GrWmH
k
c Z =WmH
k
c Z/Wm−1H
k
c Z.
The action of G preserves the mixed Hodge structure and hence we have induced
G-representations on Hp,q(Hkc Z), the (p, q)
th piece of GrWp+qH
k
c Z, for p + q ≤ k.
If R(G) denotes the representation ring of G, then we may consider the (virtual)
representation
ep,qG (Z) :=
p+q∑
k=0
(−1)kHp,q(HkcZ) ∈ R(G).
Definition 5.1. If a finite group G acts algebraically on a complex variety Z, then
the equivariant Hodge-Deligne polynomial is
EG(Z) = EG(Z;u, v) =
∑
p,q
ep,qG (Z)u
pvq ∈ R(G)[u, v].
Remark 5.2. Since the action of G on Hkc Z = H
k
c (Z;C) is induced by the action
of G on Hkc (Z;Z), it follows that complex conjugation commutes with the G-action
on Hkc (Z;C). Hence we have an isomorphism of G-representations H
p,q(Hkc Z)
∼=
Hp,q(Hkc Z) = H
q,p(Hkc Z). In particular, e
p,q
G (Z) = e
q,p
G (Z), and EG(Z) is symmetric
in u and v.
If U is a G-invariant open subset of Z and V = X r U , then the long exact
sequence of cohomology with compact support
· · · → Hk−1c V → H
k
c U → H
k
cX → H
k
c V → H
k+1
c U → · · ·
REPRESENTATIONS ON THE COHOMOLOGY OF HYPERSURFACES AND MIRROR SYMMETRY13
consists of morphisms of mixed Hodge structures. In particular, it follows that the
equivariant Hodge-Deligne polynomial satisfies the following additivity property:
EG(Z) = EG(U) + EG(V ) ∈ R(G)[u, v].
IfG acts algebraically on varieties V and V ′, then G acts algebraically on V×V ′, and,
since the Ku¨nneth isomorphism respects mixed Hodge structures and the action of
G, the equivariant Hodge-Deligne polynomial satisfies the following multiplicative
property:
EG(V × V
′) = EG(V )EG(V
′) ∈ R(G)[u, v].
Example 5.3. If Z is a complete variety of dimension r with at worst quotient
singularities, then Hkc Z = H
kZ admits a pure Hodge structure of weight k i.e.
Wk−1H
k
cZ = 0. In this case, EG(Z) =
∑
p,q(−1)
p+qHp,q(Z)upvq encodes the rep-
resentations of G on the (p, q)-pieces of the cohomology of Z. Moreover, Poincare´
duality induces an isomorphism of G-representations Hp,q(Z) ∼= Hr−p,r−q(Z), and
hence EG(Z;u, v) = (uv)
rEG(Z;u
−1, v−1) [17] (cf. [14, 1.6]). If Z is projective,
then successive capping with a hyperplane class gives an explicit isomorphism of
G-representations Hp,q(Z) ∼= Hr−q,r−p(Z) [24, p. 64].
Example 5.4. If G acts linearly on a lattice M of rank d via ρ : G → GL(M),
then G acts algebraically on the corresponding torus T = SpecC[M ], and we have
canonical isomorphisms of G-representations Hd+kc T = H
k,k(Hd+kc T )
∼=
∧d−k ρ. In
particular, EG(T ) =
∑d
k=0(−1)
d+k
∧d−k ρ (uv)k (cf. proof of Theorem 1.1 in [21]).
If H is a subgroup of G acting on a variety Z, then we write IndGH EH(Z) =
IndGH EH(Z;u, v) =
∑
p,q Ind
G
H e
p,q
H u
pvq for the polynomial of induced (virtual) rep-
resentations in R(G)[u, v]. We will need the following proposition.
Proposition 5.5. [21, Proposition 2.3] Suppose a finite group G acts a complex
variety Z, and Z admits a decomposition into locally closed subvarieties Z =
∐
i∈I Zi
which are permuted by G. Then
EG(Z) =
∑
ι∈I/G
IndGGi EGi(Zi),
where I/G denotes the set of orbits of G acting on I, i denotes a representative of
the orbit ι, and Gi denotes the isotropy group of i in I. In terms of characters, for
any g in G,
EG(Z)(g) =
∑
g·Zi=Zi
EGi(Zi)(g).
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Example 5.6. A toric variety X = X(△) corresponding to a fan △ is a disjoint
union of tori {Tτ | τ ∈ △} (see Section 4). If a finite group G acts on X via toric
morphisms, then G permutes the tori {Tτ | τ ∈ △}, and hence one immediately
deduces an expression for the equivariant Hodge-Deligne polynomial EG(X) from
Example 5.4 and Proposition 5.5 (cf. Theorem 1.1 in [21]).
6. Equivariant Hodge-Deligne polynomials of hypersurfaces in tori
In this section, we present an algorithm to determine the equivariant Hodge-
Deligne polynomial of a G-invariant, non-degenerate hypersurface X◦ in a torus.
Equivalently, we determine the representations of G on the pieces of the mixed
Hodge structure on HkcX
◦ (Remark 6.3). This result and its proof may be viewed
as an equivariant analogue of Danilov and Khovanski˘ı’s work in [13].
We continue with the notation from Section 2. That is, G is a finite group acting
linearly on a latticeM of rank d via ρ : G→ GL(M), and P is a d-dimensional lattice
polytope in M which is G-invariant ‘up to translation’. Let X◦ ⊆ T = SpecC[M ]
be a G-invariant, non-degenerate hypersurface with Newton polytope P , and let
X denote the closure of X◦ in the projective toric variety Y corresponding to the
normal fan of P .
Lemma 6.1. HkcX
◦ = 0 for k < d− 1.
Proof. Since X◦ is a smooth, affine, (d− 1)-dimensional variety, this follows from a
classical result of Andreotti and Frankel [2, Theorem 1]. 
6.1. Step 1. We have the following Lefschetz type result due to Danilov and Kho-
vanski˘ı.
Proposition 6.2. [13, Proposition 3.9] The Gysin map HkcX
◦ → Hk+2c T is an
isomorphism for k > d− 1, and a surjection for k = d− 1.
The isomorphism in the above lemma is a morphism of mixed Hodge structures
of type (1, 1) which is equivariant with respect to G. Since Hp,q(HkcX
◦) = 0 for
p+ q > k, we conclude, using Lemma 5.4, that if p+ q > d− 1, then
(4) ep,qG (X
◦) = ep+1,q+1G (T ) =
{
(−1)d−1−p
∧d−1−p ρ if p = q;
0 otherwise.
Combined with Lemma 6.1 and Example 5.4, we conclude that we understand
the representations HkcX
◦ for k 6= d− 1. Moreover, if we set
Hd−1c,primX
◦ := ker[Hd−1c X
◦ → Hd+1c T ],
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then Hd−1c,primX
◦ inherits a mixed Hodge structure, compatible with the action of G,
and we have an isomorphism of G-representations Hd−1c X
◦ ∼= Hd−1c,primX
◦ ⊕Hd+1c T .
Hence it remains to understand the action of G on the mixed Hodge structure of
Hd−1c,primX
◦.
Remark 6.3. It follows from the above discussion that the equivariant Hodge-
Deligne polynomial EG(X
◦) determines the G-representations Hp,q(HkcX
◦).
6.2. Step 2. With the notation of Section 4, let P = P(Σ) be a complete toric
variety with at worst quotient singularities and with a G-action via toric morphisms,
admitting a G-invariant, proper, birational morphism f : P → Y = Y (△). If X ′
denotes the closure of X◦ in P, then X ′ is G-invariant and has at worst quotient
singularities. By Proposition 5.5,
EG(X
′;u, v) =
∑
[τ ′]∈Σ/G
IndGGτ ′ EGτ ′ (X
′ ∩ Tτ ′),
where Σ/G denotes the set of orbits of G acting on the cones in Σ, τ ′ denotes a
representative of an orbit, and Gτ ′ denotes the isotropy group of τ
′. For every cone
τ ′ in Σ, let τ = τQ denote the smallest cone in the normal fan △ containing τ
′, for
some face Q of P , and write f(τ ′) = Q. Since Gτ ′ is a subgroup of the isotropy
group of Q in P , it follows from (1) and the multiplicative property of equivariant
Hodge-Deligne polynomials that
EG(X
′;u, v) =
∑
[τ ′]∈Σ/G
IndGGτ ′ [EGτ ′ (X ∩ Tf(τ ′))EGτ ′ (Tτ ′,f )],
where Tτ ′,f := SpecC[Mτ ′/Mτ ]. We conclude, using Remark 4.2 and Example 5.4,
that
EG(X
′;u, v) = EG(X
◦;u, v) + α(u, v),
where α(u, v) ∈ R(G)[u, v] is known by induction on dimension. Since X ′ is smooth
and complete, Example 5.3 implies that EG(X
′;u, v) = (uv)d−1EG(X
′;u−1, v−1),
and hence we know the difference EG(X
◦;u, v) − (uv)d−1EG(X
◦;u−1, v−1). By
Step 1, we know ep,qG (X
◦) for p + q > d − 1, and hence we deduce ep,qG (X
◦) for
p+ q < d− 1.
6.3. Step 3. It remains to determine ep,qG (X
◦) for p + q = d − 1. Clearly, it
will be enough to compute the sums
∑
q e
p,q
G (X
◦), or, equivalently, the polynomial
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EG(X
◦;u, 1). Using the fact that Poincare´ duality preserves the mixed Hodge struc-
ture [17] (cf. [14, 1.6]), we have∑
q
ep,qG (X
◦) =
∑
q
∑
k
(−1)kHp,q(HkcX
◦)
=
∑
q
∑
k
(−1)kHd−1−p,d−1−q(H2d−2−kX◦)
=
∑
q
∑
k
(−1)kHd−1−p,q(HkX◦)
=
∑
k
(−1)kF d−1−pHkX◦/F d−pHkX◦.
We continue with the notation of Step 2, and let X ′ denote the (smooth, G-invariant)
compactification of X◦ in P = P(Σ). Let D = D1+ · · ·+Dr denote the union of the
T -invariant divisors of P and let DX′ = D1 ∩X
′ + · · · +Dr ∩X
′. Our assumption
that X◦ is non-degenerate with respect to P implies that D and DX′ are simple
normal crossings divisors in P and X ′ respectively. It follows from (3) that we need
to compute the virtual representation
(5)
∑
k
(−1)kF d−1−pHkX◦/F d−pHkX◦ = (−1)d−1−pχ(X ′,Ωd−1−pX′ (logDX′)).
One verifies that we have exact sequences of G-equivariant sheaves
0→ Ω•−1X′ (logDX′)⊗OP(−X
′)|X′ → Ω
•
P(logD)|X′ → Ω
•
X′(logDX′)→ 0
Taking Euler characteristics and twists by OP(kX
′) gives
χ(X ′,Ωd−1−pX′ (logDX′)) =
p∑
k=0
(−1)kχ(X ′,Ωd−p+k
P
(logD)⊗OP((k + 1)X
′)|X′).
From the exact sequence
0→ OP(−X
′)→ OP → OX′ → 0
we obtain the following expression for χ(X ′,Ωd−1−pX′ (logDX′)),
p∑
k=0
(−1)k[χ(P,Ωd−p+k
P
(logD)⊗OP((k + 1)X
′))− χ(P,Ωd−p+k
P
(logD)⊗OP(kX
′))].
Rearranging gives
−χ(X ′,Ωd−1−pX′ (logDX′)) = χ(P,Ω
d−p
P
(logD))
+
p+1∑
k=1
(−1)k[χ(P,Ωd−1−p+k
P
(logD)⊗OP(kX
′)) + χ(P,Ωd−p+k
P
(logD)⊗OP(kX
′))].
REPRESENTATIONS ON THE COHOMOLOGY OF HYPERSURFACES AND MIRROR SYMMETRY17
We need the following well-known lemma. Under the isomorphism below, u ∈ M
corresponds to dχu/χu ∈ ΩP(logD).
Lemma 6.4. [5, Section 5] There is a natural G-equivariant isomorphism
ΩkP(logD)
∼=
k∧
M ⊗Z OP.
Recall that χmP denotes the permutation representation given by the action of
G on the lattice points mP ∩M . It follows from Lemma 6.4 and (2) that, for any
non-negative integer m,
χ(P,ΩkP(logD)⊗OP(mX
′)) = χmP ·
k∧
ρ.
We obtain the following expression for −χ(X ′,Ωd−1−pX′ (logDX′)),
d−p∧
ρ+
p+1∑
k=1
(−1)k[ χkP ·
d−1−p+k∧
ρ + χkP ·
d−p+k∧
ρ ].
By Lemma 3.7, if we set ρ′ = ρ+ 1 and det(ρ) =
∧d ρ, then
(6) χ(X ′,Ωd−1−pX′ (logDX′)) =
d−p−1∧
ρ− det(ρ) ·
p+1∑
k=0
(−1)kχkP ·
p+1−k∧
ρ′.
Recall from Section 3 that we consider a power series ϕ[t] =
∑
i≥0 ϕit
i in R(G)[[t]]
of virtual representations defined by ϕ0 = 1 and
(7) ϕp+1 = (−1)
p+1
p+1∑
k=0
(−1)kχkP ·
p+1−k∧
ρ′.
Putting together (5), (6), and (7), yields our desired result. When G is trivial, this
follows from Equation 4.4 and Remark 4.6 in [13].
Theorem 6.5. With the notation above,∑
q
ep,qG (X
◦) = (−1)d−1−p
d−1−p∧
ρ+ (−1)d−1 det(ρ) · ϕp+1.
As an immediate corollary, we see below that in this geometric situation the
representations ϕi are effective representations. Given a finite group G and G-
invariant lattice polytope P , it is a very subtle question to determine when the
virtual representations ϕi are effective representations (see Section 7 in [27]).
Corollary 6.6. If there exists a G-invariant, non-degenerate hypersurface X◦ ⊆ T
with Newton polytope P , then ϕ0 is the trivial representation and
ϕp+1 = det(ρ) · F
pHd−1c,primX
◦/F p+1Hd−1c,primX
◦
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for p ≥ 0. In particular, the virtual representations ϕi are effective representations.
Proof. It follows from the definitions that ϕ0 is the trivial representation. By defi-
nition,
(8)
∑
q
ep,qG (X
◦) =
∑
k
(−1)kF pHkcX
◦/F p+1HkcX
◦.
By Proposition 6.2 and Example 5.4,
F pHd−1+pc X
◦/F p+1Hd−1+pc X
◦ ∼= F p+1Hd+p+1c T/F
p+2Hd+p+1c T
∼=
d−1−p∧
ρ.
Note that the above equality holds for p > 0, and, when p = 0, the equation
holds if the first isomorphism is replaced by a surjection. Moreover, by Lemma 6.1
and Proposition 6.2, the only other contribution to the right hand side of (8)
is F pHd−1c,primX
◦/F p+1Hd−1c,primX
◦. The result now follows immediately from Theo-
rem 6.5 using the fact that det(ρ)2 is the trivial representation. 
We have the following immediate corollary. In the case when G is trivial, this
follows from Proposition 5.8 in [13]. Recall that χ∗P denotes the permutation repre-
sentation χ〈Int(P )∩M〉.
Corollary 6.7. With the notation above,
Hd−1,0(Hd−1c X
◦) = (−1)d−1ed−1,0G (X
◦) = det(ρ) · χ∗P .
Proof. By definition ed−1,qG (X
◦) =
∑
k≥d−1+q(−1)
kHd−1,q(HkcX
◦). Lemma 6.1,
Proposition 6.2 and (4) imply the first equality, and the equation∑
q
ed−1,qG (X
◦) = ed−1,0G (X
◦) + ed−1,d−1G (X
◦) = ed−1,0G (X
◦) + 1.
On the other hand, Theorem 6.5 implies that the representations ϕi are effective
and
∑
q e
d−1,q
G (X
◦) = (−1)d−1 det(ρ) · ϕd + 1. We conclude that e
d−1,0
G (X
◦) =
(−1)d−1 det(ρ) · ϕd, and the result follows from Corollary 3.2. 
Our next goal is to prove several corollaries which will be useful for proving parts
of the equivariant mirror symmetry conjecture in Section 9. Recall that Y is the
toric variety defined by the normal fan to P , and recall that if G acts on a set S,
then we write χ〈S〉 for the corresponding permutation representation. Let Φk denote
the lattice points in P which lie in the relative interior of a k-dimensional face of P .
For the remainder of the section, we consider the following setup:
Let P = P(Σ) be a complete toric variety with at worst quotient singularities and
with a G-action via toric morphisms, admitting a G-invariant, proper, birational
morphism f : P→ Y . Let X ′ denote the closure of X◦ in P.
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We briefly recall the notation and results from 6.2. That is, for every cone τ ′ in
Σ, let f(τ ′) = Q, where the normal cone τ = τQ to Q is the smallest cone in the
normal fan to P containing τ ′. Then
(9) EG(X
′) =
∑
[τ ′]∈Σ/G
IndGGτ ′ [EGτ ′ (X ∩ Tf(τ ′))EGτ ′ (Tτ ′,f )],
where Σ/G denotes the set of orbits of G acting on the cones in Σ, τ ′ denotes
a representative of an orbit, Gτ ′ denotes the isotropy group of τ
′, and Tτ ′,f =
SpecC[Mτ ′/Mτ ].
In the case when G is trivial, the corollary below follows from Proposition 5.8
and its proof in [13] (cf. Corollary 7.9).
Corollary 6.8. With the notation above,
Hd−1,0(X ′) = det(ρ) · χ∗P ,
and
Hp,0(X ′) = 0 for 0 < p < d− 1.
Moreover, ed−2,0G (X
◦) = (−1)d−1 det(ρ) · χ〈Φd−1〉 for d ≥ 3.
Proof. After comparing coefficients of ud−1 on both sides of (9), the first claim
follows from Corollary 6.7. It follows from (4) that ud−1−pvd−1 does not appear
as a coefficient in the right hand side of (9). The second claim now follows since
EG(X
′;u, v) = (uv)d−1EG(X
′;u−1, v−1) by Example 5.3. Comparing coefficients of
ud−2 on both sides of (9) yields
0 = ed−2,0G (X
◦) +
∑
[Q]∈P/G
dimQ=d−1
IndGGQ e
d−2,0
GQ
(X ∩ TQ),
where P/G denotes the set of G-orbits of faces of P . The result now follows from
Corollary 6.7, using the fact that if g in G fixes a facet Q of P , then det ρ(g) =
det ρQ(g). 
For any face Q of P , let GQ denote the isotropy subgroup of Q. As in Section 2, let
MQ be a translate of the intersection of the affine span of Q with M ′ to the origin,
with corresponding representation ρQ : GQ → GL(M
Q). For each non-negative
integer r, we define a representation
(10) θ(r) = θΣ(r) =
∑
[Q]∈P/G
dimQ=r
IndGGQ [det(ρQ) · χ
∗
Q · χ
∗
τQ
],
where χ∗τQ denotes the permutation representation induced by the action of GQ on
all rays in Σ which lie in the relative interior of the normal cone τQ to Q.
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Corollary 6.9. With the notation above, if S(Σ) denotes the set of rays of Σ not
lying in the interior of a maximal cone of the normal fan to P and d ≥ 3, then the
non-primitive part of the G-representation H1,1(X ′) equals
θ(1) + χ〈S(Σ)〉 − ρ.
Proof. By Theorem 6.5 and Corollary 3.2, if P is 1-dimensional, then
e0,0G (X
◦) = e0,0G (X) = 1 + det(ρ) · χ
∗
P .
Hence, if we compare coefficients of (uv)d−2 on both sides of (9), we obtain the
following expression for ed−2,d−2G (X
′)
ed−2,d−2G (X
◦)+
∑
[τ ′]∈Σ/G
dim τ ′=1,dim f(τ ′)>0
IndGGτ ′ 1+
∑
[τ ′]∈Σ/G
dim τ ′=1,dim f(τ ′)=1
IndGGτ ′ det(ρf(τ ′))·χ
∗
f(τ ′).
By (4), we obtain
ed−2,d−2G (X
′) = −ρ+ χ〈S(Σ)〉 + θ(1),
as desired. 
In the case when G is trivial, the corollary below is Corollary 5.9 in [13]. Recall
that Φk denotes the lattice points in P which lie in the relative interior of a k-
dimensional face of P .
Corollary 6.10. For d ≥ 4,
ed−2,1G (X
◦) = (−1)d−1 det(ρ) · [ϕd−1 − χ〈Φd−1〉].
Proof. By Theorem 6.5 and (4),
ed−2,0G (X
◦) + ed−2,1G (X
◦) + ed−2,d−2G (X
◦) = −ρ+ (−1)d−1 det(ρ) · ϕd−1.
Since ed−2,d−2G (X
◦) = −ρ by (4), the result follows from Corollary 6.8. 
Remark 6.11. When d = 3, the above proof shows that Corollary 6.10 holds
provided one only considers the contribution to e1,1G (X
◦) from primitive cohomology.
Corollary 6.12. With the notation above and for d ≥ 3, the primitive part of the
G-representation Hd−2,1(X ′) equals
det(ρ) · [ϕd−1 − χ〈Φd−1〉] + θ(d− 2).
Proof. If we compare coefficients of ud−2v on both sides of (9), we obtain
ed−2,1G (X
′) = ed−2,1G (X
◦) +
∑
[τ ′]∈Σ/G
dim τ ′=1,dim f(τ ′)=d−2
IndGGτ ′ e
d−3,0
Gτ ′
(X ∩ Tf(τ ′)).
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By Corollary 6.7, the latter term in the above sum is (−1)d−1θ(d − 2). The result
now follows from Corollary 6.10 and Remark 6.11. 
7. Applications for simple polytopes
In this section, we specialize to the case when P is a simple polytope. We continue
with the notation of Section 2 and Section 6. In the case when G is trivial, these
results are due to Danilov and Khovanski˘ı [13].
We assume throughout this section that P is simple. That is, we assume that
every vertex of P is adjacent to precisely d facets. Equivalently, P is simple if and
only if the toric variety Y corresponding to the normal fan of P has at worst quotient
singularities. Let X◦ ⊆ T be a G-invariant, non-degenerate hypersurface with New-
ton polytope P , and let X = XP be the closure of X
◦ in Y . If P is simple, then X
itself has at worst quotient singularities, and hence HkX =
⊕
p+q=kH
p,q(X) admits
a pure Hodge structure of weight k. The Lefschetz hyperplane theorem implies that
the restriction map Hk(Y )→ Hk(X) is a G-equivariant isomorphism for k < d− 1,
and an injection for k = d − 1. Since Poincare´ duality induces isomorphisms of
G-representations Hp,q(X) ∼= Hd−1−p,d−1−q(X) (Example 5.3), Example 5.6 implies
that in order to understand the action of G on H∗X, it remains to compute the
G-representations
Hd−1primX =
⊕
p
Hp,d−1−pprim (X) := coker[H
d−1Y → Hd−1X].
In fact, since we have isomorphisms of G-representations Hp,q(X) ∼= Hq,p(X) (Re-
mark 5.2), it is enough to compute Hp,d−1−pprim (X) for p ≥
d−1
2 .
For any face Q of P , let GQ denote the isotropy subgroup of Q. As in Section 2,
let MQ be a translate of the intersection of the affine span of Q with M ′ to the
origin, with corresponding representation ρQ : GQ → GL(M
Q). In the case when G
is trivial, the theorem below is proved in Section 5.5 of [13].
Theorem 7.1. If P is simple and p ≥ d−12 , then
Hp,d−1−pprim (X) =
∑
[Q]∈P/G
(−1)d−dimQ IndGGQ [det(ρQ) · ϕQ,p+1],
where P/G denotes the set of G-orbits of faces of P .
Proof. With the notation of Section 4, X admits a G-invariant stratification X =∐
Q⊆P X ∩ TQ. Hence Proposition 5.5 implies that
EG(X) =
∑
[Q]∈P/G
IndGGQ EGQ(X ∩ TQ).
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By the discussion above, ep,qG (X) = (−1)
p+qHp,q(X) = 0 unless p = q or p+q = d−1,
and we compute, using (4),
(11)
∑
q
ep,qG (X) = (−1)
d−1Hp,d−1−pprim (X) +
∑
[Q]∈P/G
IndGGQ e
p+1,p+1
GQ
(TQ).
On the other hand, Theorem 6.5 and (4) imply that∑
q
ep,qGQ(X ∩ TQ) = e
p+1,p+1
GQ
(TQ) + (−1)
dimQ−1 det(ρQ) · ϕQ,p+1,
and we deduce that
(12)
∑
q
ep,qG (X) =
∑
[Q]∈P/G
IndGGQ [e
p+1,p+1
GQ
(TQ) + (−1)
dimQ−1 det(ρQ) · ϕQ,p+1].
Comparing (11) and (12) now yields the desired result.

The first statement in the corollary below also follows from Corollary 6.8.
Corollary 7.2. With the notation above, if P is simple, then
Hd−1,0(X) = det(ρ) · χ∗P .
In particular,∑
m≥0
Hd−1,0(XmP )t
m = det(ρ) · ϕ[t] ·
∑
m≥d+1
Symm−d−1(ρ+ 1) tm.
Proof. The first statement is an immediate consequence of Theorem 7.1, using the
fact that ϕQ,i = 0 for i > dimQ. The second statement follows from Lemma 3.1
and Corollary 3.2. 
Remark 7.3. Corollary 7.2 and Lemma 3.6 together imply that dimHd−1,0(X)G =
dimHd−1,0(X/G) equals the number of G-orbits of Int(P )∩M whose isotropy sub-
group is contained in det(ρ)−1(1).
Remark 7.4. Recall that P corresponds to a projective toric variety Y and ample
line bundle L, and that we have equality of G-representations H0(Y,L⊗m) = χmP .
If we set a(m) = dimHd−1,0(XmP /G) and b(m) = dimH
0(Y,L⊗m)G, then Corol-
lary 5.7 in [27] implies that a(m) and b(m) are quasi-polynomials in m of degree d,
with leading coefficient volP|G| and period dividing the exponent of G. Moreover, the
quasi-polynomials satisfy the reciprocity relation a(m) = (−1)db(−m).
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Example 7.5 (Fermat hypersurfaces). Let G = Symd+1 act on Z
d+1 by permut-
ing co-ordinates, and let P be the standard d-dimensional simplex with vertices
{e0, . . . , ed}. Then M ∼= Z
d+1/Z(1, . . . , 1), ρ : G → GL(M) is the reflection repre-
sentation, and one verifies that ϕ[t] = 1 (cf. [27, Proposition 6.1]).
In this case, the Fermat hypersurface Xm = {x
m
0 + · · ·+ x
m
d = 0} ⊆ P
d of degree
m is a non-degenerate, G-invariant hypersurface corresponding to the polytope mP .
We deduce from Corollary 7.2 that
Hd−1,0(Xm) = sgn ·Sym
m−d−1(V ),
where sgn is the 1-dimensional sign representation, and Symd+1 acts on V = C
d+1
by permuting co-ordinates. Moreover, dimHd−1,0(Xm/G) equals the number of
partitions of m with d+1 distinct parts, and dimH0(Pd,O(m))G equals the number
of partitions of m with at most d + 1 parts. In this case, the reciprocity result in
Remark 7.4 is a classical result on partitions [26, Theorem 4.5.7].
Example 7.6 (Fermat curves). Letting d = 2 in the example above, we obtain the
action of Sym3 on the Fermat curve Cm = {x
m + ym + zm = 0} of degree m. If ζ
denotes the 2-dimensional reflection representation, then the irreducible representa-
tions of Sym3 are {1, sgn, ζ}. Using the above results, one explicitly computes that
if νr(m) denotes the function with value 1 if r|m, and value 0 otherwise, then
H1,0(Cm) =
(m− 1)(m− 5)
12
+
ν2(m)
4
+
ν3(m)
3
+[
m2 − 1
12
−
ν2(m)
4
+
ν3(m)
3
]
sgn+
[
(m− 1)(m− 2)
6
−
ν3(m)
3
]
ζ.
In particular, Cm/G is a smooth, rational curve if and only if m ≤ 5 (cf. [14,
Example 1.3]).
Our next goal is to determine a formula for ep,qG (X
◦) when P is simple. If B is a
finite poset, then the Mo¨bius function µB : B ×B → Z is defined recursively by,
µB(x, y) =

1 if x = y
0 if x > y
−
∑
x<z≤y µB(z, y) = −
∑
x≤z<y µB(x, z) if x < y,
and satisfies the property (known as ‘Mo¨bius inversion’) that for any function h :
B → A to an abelian group A,
(13) h(z) =
∑
y≤z
µB(y, z)g(y), where g(y) =
∑
x≤y
h(x).
For any face Q of P , recall that we have representations ρQ : GQ → GL(M
Q),
where GQ denote the isotropy subgroup of Q.
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Lemma 7.7. Fix an element g in G, and let B be the poset of (non-empty) g-fixed
faces of P . Then µB(Q,P ) = (−1)
d−dimQ det ρ(g) det ρQ(g).
Proof. Let NQ be the sublattice of N = Hom(M,Z) spanned by the normal cone
to Q. We have an isomorphism of lattices NQ ∼= M/M
Q such that if g acts on
M/MQ via an integer matrix A, then g acts on NQ via the inverse transpose
of A. If {λi} denote the eigenvalues of A, then the eigenvalues of A
−1 are the
conjugates {λi}. Since A is integer valued, we conclude that A and the inverse
transpose of A have the same eigenvalues and hence we have an isomorphism of
GQ-representations (M/M
Q)C ∼= (NQ)C. In particular, ρ = ρQ + (NQ)C in R(GQ),
and det ρ(g) det ρQ(g) = det(NQ)C(g).
On the other hand, since P is simple, if Q has codimension n in P , then Q lies in
precisely n facets {F1, . . . , Fn} of P , and (NQ)C is the permutation representation
induced by the action of G on these facets. Let {V1, . . . , Vs} denote the set of
g-orbits of {F1, . . . , Fn}. For any (possibly empty) subset I ⊆ {1, . . . , s}, let QI
be the intersection of the facets {Fj ∈ Vi | i ∈ I}. Then the faces {QI | I ⊆
{1, . . . , s}} are precisely the faces of P which contain Q and are fixed by g. Since
d − dimQI =
∑
i∈I |Vi|, and det(NQ)C(g) = (−1)
∑
i∈I(|Vi|−1), we conclude that
(−1)d−dimQ det ρ(g) det ρQI (g) = (−1)
|I|. The result now follows by induction on
|I|, and the fact that
∑
I⊆{1,...,s}(−1)
|I| = 0. 
We are now ready to compute ep,qG (X
◦). Since ep,qG (X
◦) = eq,pG (X
◦) (Remark 5.2),
and
∑
q e
p,q
G (X
◦) is computed by Theorem 6.5, we may and will assume that p > q.
Recall that GQ denotes the isotropy group of a face Q of P . In the case when G is
trivial, the theorem below is Theorem 5.6 in [13].
Theorem 7.8. If P is simple and p > q, then (−1)d+p+qep,qG (X
◦) equals
det(ρ)·
∑
[Q]∈P/G
dimQ=p+q+1
IndGGQ
det(ρQ) · ∑
[Q′]∈Q/GQ
(−1)dimQ
′
Ind
GQ
GQ′
[det(ρQ′) · ϕQ′,p+1]
 ,
where P/G denotes the set of G-orbits of faces of P , and Q/GQ denotes the set of
GQ-orbits of faces of Q.
Proof. If we fix g in G, then by Proposition 5.5,
ep,qG (X)(g) =
∑
g·Q=Q
ep,qGQ(X ∩ TQ)(g),
where TQ denotes the torus orbit corresponding to Q. Let XQ denote the closure
of X ∩ TQ in X. Applying Mo¨bius inversion to the poset of g-fixed faces of P using
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Lemma 7.7 yields
ep,qG (X
◦)(g) =
∑
g·Q=Q
(−1)d−dimQ det ρ(g) det ρQ(g)e
p,q
GQ
(XQ)(g).
By Proposition 6.2 and Example 5.3, the assumption p > q implies that ep,qGQ(XQ) =
0 unless p+ q = dimQ− 1, in which case Theorem 7.1 implies that
ep,qGQ(XQ)(g) =
∑
Q′⊆Q
g·Q′=Q′
(−1)dimQ
′−1 det ρQ′(g)ϕQ′,p+1(g).
Putting this together yields the theorem. 
We immediately obtain the following corollary (cf. Corollary 6.7 and Corol-
lary 6.8). Recall that if G acts on a set S, then we write χ〈S〉 for the corresponding
permutation representation. Let Φk denote the lattice points in P which lie in the
relative interior of a k-dimensional face of P .
Corollary 7.9. With the notation above, if P is simple, then for any p > 0,
ep,0G (X
◦) = (−1)d−1 det(ρ) · χ〈Φp+1〉,
and
e0,0G (X
◦) = (−1)d−1 det(ρ) · [χ〈Φ1〉 + χ〈Φ0〉 − 1].
Proof. If we fix g in G and p > 0, then Theorem 7.8 implies that ep,0G (X
◦)(g) equals∑
g·Q=Q
dimQ=p+1
(−1)d−p det ρ(g) det ρQ(g)
∑
Q′⊆Q
g·Q′=Q′
(−1)dimQ
′
det ρQ′(g)ϕQ′,p+1(g).
Corollary 3.2 and Corollary 6.6 imply that ϕQ′,p+1 = 0 if dimQ
′ < p+1, and ϕQ,p+1
equals the number of g-fixed lattice points in the relative interior of Q. This proves
the first statement. For the second statement, Theorem 6.5 implies that∑
q
e0,qG (X
◦) = (−1)d−1
d−1∧
ρ+ (−1)d−1 det(ρ) · ϕP,1.
By Lemma 3.7 and the first statement, we obtain
e0,0G (X
◦) = (−1)d−1 det(ρ) · [ϕP,1 + ρ−
∑
k>1
χ〈Φk〉].
By definition, ϕP,1 =
∑
k χ〈Φk〉 − ρ− 1, and the result follows. 
Remark 7.10. In the case when G is trivial, the above corollary is Proposition 5.8
in [13], and is proved without the assumption that P is simple. It would be in-
teresting to extend the above corollary to the general case (cf. Corollary 6.7 and
Corollary 6.8).
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8. Applications for simplices
In this section, we further specialize to the case when P is a simplex, and present
an explicit example of the representation of the symmetric group acting on the
cohomology of a Fermat hypersurface.
We continue with the notation of Section 2 and Section 7. That is, let X◦ ⊆ T
be a G-invariant, non-degenerate hypersurface with Newton polytope P , and let
X = XP be the closure of X
◦ in the toric variety Y determined by the normal fan
to P . Throughout this section, we assume that P is a simplex i.e. P has precisely
d+1 vertices {v0, . . . , vd}. For each face Q of P , let Π(Q) denote the set of interior
lattice points of the parallelogram spanned by the vertices {(vi, 1) | vi ∈ Q} of Q×1
in M ⊕ Z. That is,
Π(Q) = {w ∈M ⊕ Z | w =
∑
vi∈Q
αi(vi, 1) for some 0 < αi < 1}.
We set Π(Q) = {0} when Q is the empty face. Let u :M ⊕Z→ Z denote projection
onto the second co-ordinate, and let Π(Q)k = {w ∈ Π(Q) | u(w) = k}. Recall
that if G acts on a set S, then we write χ〈S〉 for the corresponding permutation
representation. The result below is due to Batyrev and Nill in the case when G is
trivial [7, Proposition 4.6].
Corollary 8.1. With the notation above, if P is a simplex, then Hp,d−1−pprim (X) =
det(ρ) · χ〈Π(P )p+1〉. In particular, H
d−1
prim(X) = det(ρ) · χ〈Π(P )〉.
Proof. Since G permutes the vertices of P , Π(P ) admits a G-equivariant involution
ι : Π(P )→ Π(P ), w =
d∑
i=0
αi(vi, 1) 7→ ι(w) =
d∑
i=0
(1− αi)(vi, 1),
satisfying u(w) + u(ι(w)) = d + 1. Since we have an equality of G-representations
Hp,d−1−pprim (X) = H
d−1−p,p
prim (X) (Remark 5.2), it follows that we may reduce the proof
to the case when p ≥ d−12 . In this case, for a fixed g in G, Theorem 7.1 implies that
Hp,d−1−pprim (X)(g) =
∑
g·Q=Q
(−1)d−dimQ det ρQ(g)ϕQ,p+1(g).
Then Proposition 3.3 implies that
ϕQ,p+1(g) =
∑
Q′⊆Q
g·Q′=Q′
χ〈Π(Q′)p+1〉(g),
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and hence
Hp,d−1−pprim (X)(g) =
∑
g·Q=Q
(−1)d−dimQ det ρQ(g)
∑
Q′⊆Q
g·Q′=Q′
χ〈Π(Q′)p+1〉(g)
= det ρ(g)
∑
g·Q′=Q′
χ〈Π(Q′)p+1〉(g)
∑
Q′⊆Q
g·Q=Q
(−1)d−dimQ det ρ(g) det ρQ(g).
By Lemma 7.7, the final summand in the above expression is 1 if Q′ = P and 0
otherwise, and the first statement follows. The second statement is immediate.

We define Π(r) =
∐
dimQ=rΠ(Q) and Π(r)k =
∐
dimQ=rΠ(Q)k.
Corollary 8.2. With the notation above, if P is a simplex and p > q, then
ep,qG (X
◦) = (−1)d−1 det(ρ) · χ〈Π(p+q+1)p+1〉.
Proof. Recall from the proof of Theorem 7.8 that, for a fixed g in G,
ep,qG (X
◦)(g) =
∑
g·Q=Q
dimQ=p+q+1
(−1)d−dimQ det ρ(g) det ρQ(g)e
p,q
GQ
(XQ)(g).
By Corollary 8.1, since p+ q = dimQ− 1 and p > q,
ep,qGQ(XQ)(g) = (−1)
dimQ−1Hp,qprim(XQ) = (−1)
dimQ−1 det ρQ(g)χ〈Π(Q)p+1〉(g),
and the result follows. 
Remark 8.3. Assume that P is a simplex, and let Hd−1prim(X/G) denote the subspace
of Hd−1(X/G) corresponding to Hd−1prim(X)
G under the isomorphism H∗(X/G) ∼=
H∗(X)G, with its corresponding pure Hodge structure. Then Corollary 8.1 and
Lemma 3.6 imply that dimHp,d−1−pprim (X/G) equals the number ofG-orbits of Π(P )p+1
whose isotropy subgroup is contained in det(ρ)−1(1).
Deducing the dimensions of the pieces of the Hodge structure on the cohomology
of X/G then reduces to determining the numbers dimH2i(Y )G, where Y is the
toric variety corresponding to P . The latter can be computed using the fact that
ep,pG (Y ) = H
p,p(Y ), and using the formula for EG(Y ) from Example 5.6.
Example 8.4 (Fermat hypersurfaces). We continue with the notation of Exam-
ple 7.5. That is, let G = Symd+1 act on Z
d+1 by permuting co-ordinates, and let P
be the standard d-dimensional simplex with vertices {e0, . . . , ed}. Then the Fermat
hypersurface Xm = {x
m
0 + · · · + x
m
d = 0} ⊆ P
d of degree m is a non-degenerate,
G-invariant hypersurface corresponding to the polytope mP . Corollary 8.1 implies
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that sgn ·Hp,d−1−pprim (Xm) is isomorphic to the permutation representation of Symd+1
on the set
{(a0, . . . , ad) ∈ Z
d+1 | 0 < ai < m,
d∑
i=0
ai = (p + 1)m}.
In particular, sgn ·Hd−1prim(Xm) is isomorphic to the permutation representation of
Symd+1 on the set
{(a0, . . . , ad) ∈ (Z/mZ)
d+1 | ai 6= 0,
d∑
i=0
ai = 0}.
The ring isomorphism H∗(Xm/G) ∼= H
∗(Xm)
G induces an isomorphism
H∗(Xm/G) ∼= H
∗(Pd−1)⊕Hd−1prim(Xm)
G.
By Remark 8.3, dimHd−1prim(Xm)
G is equal to the number of partitions of multiples of
m into (d+1)-distinct parts of size strictly less than m. In particular, H∗(Xm/G) ∼=
H∗(Pd−1) for m <
(d+2
2
)
(cf. Example 7.6).
We also obtain a formula for the character of Hp,d−1−pprim (Xm). More specifically, if
g in Symd+1 has cycle type (λ1, . . . , λr), then, by Lemma 3.6, tr(g;H
p,d−1−p
prim (Xm))
is equal to
(−1)d+1−r#{(a1, . . . , ar) ∈ Z
r | 0 < ai < m,
d∑
i=0
λiai = (p + 1)m}.
Similarly, we have tr(g;Hd−1prim(Xm)) equal to
(−1)d+1−r#{(a1, . . . , ar) ∈ (Z/mZ)
r | ai 6= 0,
d∑
i=0
λiai = 0}.
Alternative formulas for these characters are given by Cheˆnevert [12, Theorem 2.2,
Corollary 2.5].
9. Equivariant mirror symmetry
In this section, we conjecture an equivariant version of mirror symmetry for
Calabi-Yau hypersurfaces in toric varieties, and prove it in several cases. We con-
tinue with the notation of Section 2 and Section 7.
Recall that a d-dimensional lattice polytope P in M is reflexive if the origin is
the unique interior lattice point of P and every non-zero lattice point in M lies in
the boundary of mP for some positive integer m. Equivalently, if N = Hom(M,Z),
then P is reflexive if and only if its polar polytope
P ∗ = {u ∈ NR | 〈u, v〉 ≥ −1, ∀ v ∈ P}
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is a lattice polytope. Let Y (respectively Y ∗) denote the projective toric variety
corresponding to the normal fan of P (respectively P ∗). Observe that the normal
fan of P is equal to the fan over the faces of P ∗, and vice versa. If X and X∗ denote
non-degenerate hypersurfaces in Y and Y ∗ respectively, then X and X∗ are Calabi-
Yau varieties (see, for example, [6]). In [6], Batyrev and Dais associated stringy
invariants Est(X;u, v) and Est(X
∗;u, v) to X and X∗, such that if X admits a
crepant resolution X˜ → X, then Est(X) = E(X˜). More precisely, if X˜ → X is
a resolution of singularities, then Est(X) is the motivic integral associated to the
relative canonical divisor on X˜ [3]. Batyrev and Borisov proved the following version
of mirror symmetry in [4],
(14) Est(X;u, v) = (−u)
d−1Est(X
∗;u−1, v).
In particular, if there exist crepant resolutions X˜ → X and X˜∗ → X∗, then
dimHp,q(X˜) = dimHd−1−p,q(X˜∗) for 0 ≤ p, q ≤ d− 1.
One may formally extend these definitions to the equivariant setting. More pre-
cisely, one may define motivic integration for complex varieties with a G-action (cf.
Section 5), and then define Est,G(X;u, v) ∈ R(G)[u, v][[u
−1, v−1]] to be the (equi-
variant) motivic integral associated to the relative canonical divisor of an equivariant
resolution of singularities X˜ (see [1]). Moreover, if X˜ → X is an equivariant, crepant
resolution, then Est,G(X;u, v) = EG(X˜ ;u, v).
Conjecture 9.1. Suppose that G acts linearly on a lattice M of rank d via a
homomorphism ρ : G → GL(M). If P and P ∗ are polar, G-invariant, reflexive
polytopes, and X and X∗ are corresponding G-invariant, non-degenerate hypersur-
faces, then the equivariant stringy invariants Est,G(X;u, v) and Est,G(X
∗;u, v) are
rational functions satisfying
Est,G(X;u, v) = (−u)
d−1 det(ρ) · Est,G(X
∗;u−1, v).
Remark 9.2. Suppose that there exist G-equivariant, crepant resolutions X˜ → X
and X˜∗ → X∗. The conjecture implies that if H = det(ρ)−1(1), then the (possibly
singular) Calabi-Yau varieties X˜/H and X˜∗/H have mirror Hodge diamonds. Ex-
plicitly, if V det(ρ) denotes the det(ρ)-isotypic component of a G-representation V ,
then
dimHp,q(X˜/H) = dim(Hp,q(X˜)G +Hp,q(X˜)det(ρ)) = dimHd−1−p,q(X˜∗/H).
It would be interesting to know whether X˜/H and X˜∗/H are mirror in the usual
sense i.e. whether their associated stringy invariants satisfy (14).
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Remark 9.3. Unlike in the case when G is trivial, there may not exist a G-
equivariant, crepant, toric morphism Y˜ → Y such that Y˜ has orbifold singularities.
Hence one can not define Est,G(X;u, v) in terms of the action of G on the orbifold
cohomology of an equivariant, partial, crepant resolution [6].
Remark 9.4. More generally, Batyrev and Borisov proved their mirror symmetry
result for Calabi-Yau complete intersections, and one could ask for an equivariant
version in this case. In fact, many of our results can be extended to the complete
intersection case (see [13, Section 6] in the case when G is trivial), although we do
not pursue this issue here.
A polytope P is smooth if the toric variety determined by its normal fan is
smooth. We first prove the conjecture when the polar reflexive polytopes P and P ∗
are smooth.
Corollary 9.5. If P and P ∗ are polar, G-invariant, smooth, reflexive polytopes of
dimension d, and X and X∗ are corresponding G-invariant, non-degenerate hyper-
surfaces, then
Hp,q(X) = det(ρ) ·Hd−1−p,q(X∗) ∈ R(G) for 0 ≤ p, q ≤ d− 1.
Proof. We first compute the G-representation H∗X =
⊕
p,qH
p,q(X). If Y denotes
the toric variety corresponding to the normal fan of P , then the Lefschetz hyper-
plane theorem and Poincare´ duality imply that the non-primitive cohomology of X
satisfies Hp,p(X) = Hp,p(Y ) for p ≤ d−12 , and H
p,p(X) = Hp+1,p+1(Y ) for p ≥ d−12 .
Corollary 3.4 and Proposition 3.5 then imply that the non-primitive cohomology of
X is given by
Hp,p(X) = ϕP ∗,p for p ≤
d− 1
2
,
Hp,p(X) = ϕP ∗,p+1 for p ≥
d− 1
2
.
On the other hand, every proper face Q of P is isomorphic to a standard simplex,
and hence Proposition 3.3 implies that ϕQ[t] = 1. Then Theorem 7.1, together with
Corollary 3.4, implies that
Hd−1−p,pprim (X) = det(ρ) · ϕP,p for p ≤
d− 1
2
,
Hd−1−p,pprim (X) = det(ρ) · ϕP,p+1 for p ≥
d− 1
2
.
The result now follows by symmetry. 
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For the remainder of the section, we assume that both X and X∗ admit toric,
crepant G-equivariant resolutions. That is, we assume that there exist G-equivariant
lattice polyhedral decompositions of the boundaries of P and P ∗ which restrict
to smooth, lattice triangulations on faces of P and P ∗ of codimension at least 2.
Equivalently, we assume there exists G-equivariant, proper, crepant toric morphisms
Y˜ → Y and Y˜ ∗ → Y ∗, such that Y˜ and Y˜ ∗ are smooth away from the torus-fixed
points. If X˜ (respectively X˜∗) denotes the closure of X◦ (respectively (X∗)◦) in
Y˜ (respectively Y˜ ∗), then the induced morphisms X˜ → X and X˜∗ → X∗ are G-
equivariant, crepant resolutions of X and X∗ respectively.
Example 9.6. Since P has a unique interior lattice point, Corollary 6.8 implies
that
Hd−1,0(X˜) = det(ρ), H0,0(X˜) = 1,
and
Hp,0(X˜) = 0 for 0 < p < d− 1.
By symmetry, this establishes Conjecture 9.1 along the boundary of the Hodge
diamond.
If Q is a proper face of P , then we let Q∗ denote the dual face in P ∗. Since
dimQ+ dimQ∗ = d − 1, we have a bijection between edges of P and codimension
2 faces of P ∗. We define
θ(P ∗) =
∑
[Q]∈P/G
dimQ=1
IndGGQ [det(ρQ) · χ
∗
Q · χ
∗
Q∗ ],
θ(P ) =
∑
[Q∗]∈P ∗/G
dimQ∗=1
IndGGQ∗ [det(ρQ∗) · χ
∗
Q · χ
∗
Q∗ ].
Recall that Φk = Φ(P )k denotes the lattice points in P which lie in the relative
interior of a k-dimensional face of P . We now verify Conjecture 9.1 for two more
pieces of the Hodge diamond.
Corollary 9.7. With the notation above, if P is a reflexive polytope, and X admits
a crepant, toric resolution X˜, then, for d ≥ 3, the non-primitive part of the G-
representation H1,1(X˜) equals
H1,1(X˜) = θ(P ∗) + χP ∗ − χ〈Φ(P ∗)d−1〉 − ρ− 1,
and the primitive part of the G-representation Hd−2,1(X˜) equals
Hd−2,1(X˜) = det(ρ) · [θ(P ) + χP − χ〈Φ(P )d−1〉 − ρ− 1].
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Proof. Let Y˜ = Y˜ (Σ) → Y = Y (△) be an equivariant, crepant, toric morphism
inducing X˜ → X. Here △ is the fan over the faces of P ∗, and the rays of Σ not
lying in the interior of a maximal cone of △ are in bijection with the lattice points
on the boundary of P ∗ not lying in the relative interior of a facet of P . Corollary 6.9
implies that the non-primitive part of the G-representation H1,1(X˜) equals
θ(P ∗) +
d−2∑
k=0
χ〈Φ(P ∗)k〉 − ρ.
Since P ∗ contains a unique interior lattice point, the latter sum is equal to
θ(P ∗) + χP ∗ − 1− χ〈Φ(P ∗)d−1〉 − ρ,
as desired.
On the other hand, by Corollary 6.12, the primitive part of the G-representation
Hd−2,1(X˜) equals
det(ρ) · [ϕP,d−1 − χ〈Φ(P )d−1〉 + θ(P )].
By Corollary 3.4, ϕP,d−1 = ϕP,1 = χP − ρ− 1. This completes the proof. 
As an immediate consequence we obtain a positive answer to Conjecture 9.1 in the
case whenX and X∗ admit toric, crepant G-equivariant resolutions, and dimX ≤ 3.
Corollary 9.8. Let P and P ∗ be polar, G-invariant, reflexive polytopes of dimension
d ≤ 4, and let X and X∗ be corresponding G-invariant, non-degenerate hypersur-
faces. If there exist G-equivariant, crepant, toric resolutions X˜ → X and X˜∗ → X∗,
then
Hp,q(X˜) = det(ρ) ·Hd−1−p,q(X˜∗) ∈ R(G) for 0 ≤ p, q ≤ d− 1.
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